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Abstract

We offer a new proof that the equilibrium manifold (under complete markets) iden-
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1 Introduction

We offer a new proof that the equilibrium manifold (under complete markets) identifies
individual demands.! This same result has previously been obtained by Balasko (2004),
Chiappori et al. (2004) and Matzkin (2005). Balasko’s result has been criticized for its
assumption that equilibrium prices are observed for situations in which the incomes of
all individuals but one are zero. Under regularity assumptions, Chiappori et al. obtain
local identification of individual demands using local knowledge of the manifold. Balasko,
however, has claimed that the argument given by Chiappori et al. implicitly requires that
preferences be analytic. Matzkin determines the largest class of fundamentals for which
identification is possible.

We use Balasko’s idea on how to recover the aggregate demand function from the equi-
librium manifold, and hence avoid Chiappori et al.’s usage of the implicit function and the
Cartan-Kaehler theorems. We then use a slightly different argument than Chiappori et
al. to identify individual demands from the aggregate demand function, so we also avoid
Balasko’s observational assumption.

2 The Model
Consider a profile of utility functions (ul : Ri+ — R)iez’ where Z = {1, ..., I} is a finite
set of agents (a society) and L > 2 is the number of commodities.

Condition 1 For each i € I, u’ represents locally nonsatiated and strictly convex prefer-
ences, is continuous and its upper-contour sets have interior closures.

Let Sf_;l ={pe Ri 4 :p1 = 1} be the set of normalized prices and denote endowments
by (wi)ieZ € Rfri Individual demand functions are (fl : S_fj_l X ]R‘LHr — Rgﬁ*)ieI’ the
aggregate demand function is F': S i—rl X Rﬂr — Rﬁ .+ and the equilibrium manifold is

M= {(p,'w) € ST X REL  F(p,w) = sz}

i€T

Notice that we maintain strictly positive endowments and that the equilibrium manifold
allows for variations in the aggregate endowment. In Balasko’s argument, behavior at null
endowments is used, unlike here. In Chiappori et al. the assumption of the observation of a
relatively open subset of the equilibrium manifold implies that the aggregate endowment is
allowed to vary as well: their argument allows for perturbations to each agent’s endowments,
keeping prices and the endowments of other consumers fixed (see Carvajal et al., 2004).

Henceforth, we maintain the assumption that there is a profile (u’)l o that satisfies
condition 1, and assume that some subset of its equilibrium manifold, M, is observed. We

!When the economy has generically complete real assets structures, we conjecture that our results hold
generically on prices and endowments.
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study whether unobserved fundamentals can be uniquely determined from that subset. We
do not test the existence of profile (u'),_;. Our results generalize Balasko’s theorem showing
that M uniquely and globally determines aggregate demand F'. We also consider the case in
which only a subset of M is observed and show that identification of F' over a subset of its
domain is possible. Then, we show that F' uniquely determines individual demands ( J“)Z T
That is, we prove identification of individual demands from the equilibrium manifold. It

then follows from MasColell (1977) that individual preferences can also be identified.?

3 From the Equilibrium Manifold to Aggregate Demand
Under our assumptions, it is well known that F' is continuous and satisfies that

and that each f* satisfies Walras’s law.

For any & : S_Lg_l X R—L&-{k — R_LH and D C Sﬁ;l X Rﬂi_, denote by ®|p the restriction
of ® to D.

We say that £ C M identifies F over D C S i;l X Rﬂk if for every continuous function
D Sij_l X Riﬂ — R£+ that satisfies Walras’s law and is such that

~7

and

{(p,w) e Sht x Rf_ﬂ_‘ O(p,w) = Zwl} oF
=

it is true that ®|p = F|p.

If in the previous definition we drop the requirement that ® be continuous, then we say
that E strongly identifies F' over D. Clearly, strong identification implies identification.

Intuitively, we say that E identifies F' over D if, for any function that cannot be ruled
out as aggregate demand function, we have that, on the restricted domain D, that function
is identical to the true aggregate demand function. A function cannot be ruled out as
aggregate demand function when (i) it satisfies the properties that are necessary for it to
be an aggregate demand, and (ii) it is consistent with the observed data (because all the
observed equilibria are equilibrium according to it).

We say that the equilibrium manifold identifies (strongly identifies) aggregate
demand globally if M identifies (strongly identifies) F over S¥7' x REL . Tt is straight-
forward that the equilibrium manifold identifies aggregate demand globally if and only if F'

2The literature on integrability studies conditions under which it is possible to construct preferences that
rationalize a given demand function. It does not tell us when the preferences that rationalize a demand
function are unique, which MasColell (1977) does.

http://www.bepress.com/bejte/advances/vol 5/issl/art3
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is thﬁ only continuous function @ : Sﬁ;ix REL — RY || satisfying Walras’s law, such that
(p ‘W' = p- wl)ieI - (I)(py ’LU) = (I)(pa ’UJ) and

{@w) e S{it < RYL | @(p,w) = sz} - M

i€l

In the case of global identification, every function that satisfies the properties of an
aggregate demand can be ruled out, with the exception of the true aggregate demand.

Some properties of the concept of identification (strong identification) are straightfor-
ward.

%tleorem 1LtECECM,ECM,DCDCSIxRY and D C SETY x REL.
en,

1. If D C E, then E strongly identifies F' over D.
2. If E identifies (strongly) F over D, then it identifies (strongly) F over D.
3. If E identifies (strongly) F over D, then E identifies (strongly) F over D.

4. If E identifies (strongly) F' over D and E identifies (strongly) F over D, then EUE
identifies (strongly) F over DU D.

5. If E identifies F' over D, then it identifies F' over the closure of D in Sijrl X R{;ﬂ,

which we denote by D.

Proof. Fix ® : Sfrjrl x REL — RE . such that (p- @ :p-wi)iez = P(p,w) =
®(p,w) and { (p,w) € SETtx R | ®(p, w) =D ier w'} 2 F and let (p,w) € D. _

If D C E, it follows that ®(p, w) = >, .7 w', whereas, since £ C M, F(p,w) =, 7w,
which proves 1. R R

If E identifies F' over D, then <I>|f) = Fp and since D C D, obviously ®p = Fp,
proving 2.

If E identifies F' over D, since E C E C {(p,w) € S{;' x REL | o(p,w) = 3, w'}, it
follows that ®|p = F|p, proving 3.

Suppose that E and E identify F' over D and ﬁ, respectively, and suppose that F'U EC
{(p,w) € S_%_T_l X Rf_ﬂ_‘ ®(p,w) = ,c7 w'}; then ®|p = F|p and ® = F|p, which implies
that (I)|Duf) =Fpup proving 4. B

Finally, suppose further that @ is continuous and (p,w) € D. Let (p,,wy),—, be a
sequence in Dg converging to (p,w). If E identifies F over D, it follows that for every
n €N, ® (p,,w,) =F (pn,wy), and then, by continuity, ® (p,w) = F (p,w). m
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The key result is the following theorem, which generalizes the idea of Balasko.

Theorem 2 Let E C M, and define
Dg = {(p,w) €SI xR | (3w eREL) : (p,@) € E and (p- @i)iez =(p- wi)iez}
E identifies F over any D C Dg, strongly over any D C Dp.

Proof. By theorem 1, parts 2 and 5, it suffices to show that E strongly identifies F' over
Dg.
Let @ : Sfjrl XRﬂr — RLF be such that (p Wt =p- wi)iez = ®(p,w) = ®(p, w) and
{(p,w) € SETE % R [ ®(p,w) =7 u_)i} 2 E. Fix (p,w) € Dg. By definition, we can
fixw e Riﬂ_ such that (p,w) € F and p-w* = p-w"* for all i. Then, by construction, ®(p, w) =
®(p,w) and F(p,w) = F(p,w). Since E' C {(p,w) e St x R | ®(p, w) = Siez W'}, it
follows that ®(p, w) = >, ., @", whereas since £ C M, F(p,w) = >, ., w'. It follows that
®(p,w) = F(p,w). m

Corollary 1 (Balasko) The equilibrium manifold strongly identifies aggregate demand glob-
ally.

Proof. It suffices to show that for each (p,w) € S¥' x REL | there exists (ﬂj\i)iez e RKL
such that (p, (@i)ieI> € M and p- @' = p-w' for all i. Let @' = fi(p,w’) € R, . The
result follows by Walras’s Law and the fact that, then, @' = fi(p, @"). m

Knowledge of the manifold for individual incomes arbitrarily close to zero may, however,
be unrealistic. In particular, suppose that K > 0 and define

MX ={(p,w)e M|(VieI):p-w' >K)}
Corollary 2 M¥ identifies F over DX = {(p,w) € Si;l X Riﬂ VieZ):p-w > K},
Proof. It suffices to show that for each (p,w) € DX there exists ({U\i)iEI € RYL such
that (p, ({U\i)iel') € MK and p- @' =p-w' for all i. Again, let @' = fi(p,w’) € RY . The
result follows by Walras’s Law, p- @' =p-w’ > K. ®

The largest domain on which, given £ C M, strong identification is possible, is deter-
mined next.

Theorem 3 If E C M strongly identifies F' over D, then D C Dpg.

LIProof. LDenote by F» (p,w) the second component of F (p,w) and define & : Sfjrl X
Ry — Ry, by

http://www.bepress.com/bejte/advances/vol 5/issl/art3
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® is well defined: it maps into R% ., satisfies Walras’s law, (p- @' =p-w'),_ , =
®(p,w) = ®(p, w) and { (p,w) € SETE x R | @(p,w) =3 ,c7w'} 2 E, because DgNM 2
E.

Suppose that there is (p, w) € D\Dg. Then, by definition, ® (p, w) = M, and, since
(p,w) € D and E identifies F' over D then ® (p,w) = F (p, w), implying that F» (p,w) =0,
which is impossible. ®

Identification, however, requires a more involved argument, which assumes compactness
of E. We present that argument in Appendix Al. This theorem determines the largest
restriction of the domain over which identification of aggregate demand is possible. The
“dual” question of how small a subset of the manifold can be if it is to allow for identification
of the aggregate demand over a given subset of its domain, which is of lesser empirical
relevance, is dealt with in Appendix A2.

Theorem 4 If E C M is compact and identifies F' over D, then D C Dp.

Proof. See Appendix Al. m

4 From Aggregate Demand to Individual Demands

If, contrary to our assumption, equilibrium prices are observable for situations in which the
incomes of all individuals but one are zero, the argument above still holds and then it is
straightforward that aggregate demand identifies individual demands: for all i, f*(p,w’) =
F(p,(0,0,...,w", ...,0)). That argument, however, has been criticized by Chiappori et al.
(2004): if observation of situations in which the endowments of all consumers but one
are pegged at zero is possible, then the section of the manifold at that boundary is that
one consumer’s inverse demand. In our case, an immediate argument for identification of
individual demands can obviously still be made by taking sequences of endowments that
converge to zero for all individuals but one, for whom the endowment is kept constant,® but
that argument would fail when, for example, only M*¥ is observed.

We now show that, under an additional assumption, one can identify individual demands,
without resorting to boundary analysis. Our proof is somewhat similar to the one presented
by Chiappori et al., but simpler in the sense that it does not need to invoke the Cartan-
Kaehler theorem. As a consequence, for us it suffices that only the first few derivatives of
the demand exist, so analyticity is not required.

For the sake of simplicity, we initially study the global setting introduced in the previ-
ous section. The case in which the aggregate demand is not globally known is presented
afterwards.

3 A referee expressed concern for this fact, which motivated us to develop corollary 2. We thank her or
him for the observation.
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4.1 The global case:

In this case, we can weaken Chiappori et al.’s regularity assumption as follows:

Condition 2 (Regularity) For every individual i, u' € C* (RLF) and is differentiably
strictly concave and for every p € S++ , there exist w € RY, and I,I" € {1,...,L}\ {1},

such that —,Lz #0 and

o(wi)

2 f} w o2 f)
(wi)Z (p, ) 6(w> (p, ) 40

o f o° 1
(wll) (p,w) 6(w ) (p,w)

The previous condition is weaker not only because of the lower degree of differentiability
required, but also because w only needs an existential, and not a universal, quantifier. The
condition is indeed restrictive as it requires, for example, that income effects do not vanish.
It also requires that there be at least three commodities. Intuitively, the condition requires
that preferences be “complex enough” so as to generate the independence of income effects.
As Chiappori et al. have pointed out, it suffices that individual demands have rank at
least two for the condition to be met everywhere. Appendix A3, at the end of the paper,
illustrates the point.

Under condit_ion 2, each f' e C3 (Si;l X Ri +) and further satisfies Slutsky symmetry.
By definition (]”)ieI is such that ), f* = F

We say that aggregate demand globally identifies individual demands if, given F,
(fi)i6 is the only profile of functions (¢’ : ST;' x RY | — RE, € C3 (St! x RE ))ieI’
satisfying Walras’s law and Slutsky symmetry, and Such that ZiGI ap =F.

o5}

o5

Theorem 5 Aggregate demand identifies individual demands.

Proof. Let ( S£+ X R++ — RL+ eC? (S_if;+ X R )) satisfy Walras’s law and
Slutsky symmetry and be such that F'= 3, ;o' Fixi € 7 and deﬁne 0" S-Lk—i- X R —
RY and ~° SJLF+1 — RY by 6" (p,w) = F(p,(1,1,...,w,...,1)), where w occupies the ith
position, and*y (P)=—2jenin ¥ (p,1).

By Slutsky symmetry, for every 1,1’ € {1, ..., L}\ {1}, everywhere in S++ x RE .,

99 | ¢ Opi _ 0%y | (i iy O%0
—t ;= Wy > = — L —w <

(‘Pl z)awi B (<Pl z) o]
Since ¢ (p,w’) = 0" (p,w’) + 4 (p), substituting,

00, 00, N i
ﬁw{ Op  Op

0%,
owt

00} , i

i i
apr | o + (07 + i — wy)

+ ( ;'/ + ’Yl/ wl/)

4This is the step that simplifies the proof of Chiappori et al.

http://www.bepress.com/bejte/advances/vol 5/issl/art3
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Fixpe S_Lgl. Taking that [,1’ # 1 and deriving once and twice with respect to w? gives

d%0; (04 — i) %0, 0% (6t — ) 0%},
8w§6‘pl/ v v 8(’(1}%)2 8wi3pl LT ! 8(wi)2
and %0; 00, 0%0; (04 — ) %0,
o) ap  wiawd)® T T o (w)®
%0}, 00, 9%}, L 0%
— 7 — + (01 + 7 —w ,
ot on oy T G0y
which rewrites as (recall that p is fixed)
N A
Al,l’ (’UJ ) |: ’Yl; <<p)) :| = Fl,l’ (’UJ )
where 6
926} N 9%, i
Ay () = | 20017 P oy )
b 2%0; (pwi) — 8%0, (p, )
6(10'1.)3 pa 6(w§)3 pa
and Fu/ (wl) is
8264, 820t i 8207, i i 520!
m’z—mpﬁ (0 - )W—(z'—ww)m
2367, 230! 220", 69, 0; i i\ _9%0), i i\ 9%
3(wi‘)éapl n 3(1ui')2l8pl, awl 3(w1) 3(,“) ) + (0 ) a(wi) ( [ wl’) a(wi)

Notice that the resulting Ay (w') and I'y s (w') do not contain i, or +, but only 0,

which is determined by F

By regularity, for some w’ € RY and I,I' € {1, ...,

L}, Ay (w') is invertible, so

7?((10)}_A/wi 1 (0 *
O ] = () e () ®)
whereas, for every other I” € {1,..., L} \ {1}, by Slutsky symmetry,
9201, 920 ; i ; 020!, i 5207
duttn — dwropy T (01 (p:w') +91 (p) — wy) = (01 (pyw') —win) 5tz
p 19P1 1971 8(“’1) 8(w1)
Y (p) = 820;
o(wi)”

and, by Walras’s law, v} (p) =

= ¢ (p,w

Since ¢° ( ,wi)

(*) depends only on F, it follows that ¢} =
i
= (fl)izl' -

It follows that (wi)le

L .
i - ZZNZQ pl”'}ﬂi// (p)
l) +7" (p) and the expression on the right hand side of equation

/i, which implies that ¢* = f*.
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4.2 Restricted observation

It must be noticed that the choice of (wj)jez\{i} = (l)jel'\{i} in the proof of theorem 5
is arbitrary and that in the local case, or when only F|p is available, such choice can be
modified as needed.

In the case in which only M* has been observed, and hence F' has been identified only
over DX condition 2 needs to be strengthened to require that p-w > K. If only local
information of F' is available, one must strengthen the second part of the assumption so
that the profile of endowments at which the condition is met lies in the observed domain. In
any case, C* still suffices. For the sake of simplicity, assume that we strengthen condition
2 by substituting the existential quantifier of w by the universal quantifier.

Let D C S_iL_+ X R_iL_+ and, for every i, let D* C S-LH- X R++ We say that F|p identifies
(fl)iEI over (Dl)iel— if for every (<p : SL+1 X RLF — R++)iez’

(p Wt =p- wi)iez = (gpi(p, wi))iez = (Lpi(p, W))ieI and Slutsky symmetry, and such

that
> (pw') = F(p,w)} 2D

i€l

satisfying Walras’s law,

{(p, w) € ST x REL

- i (i
it is true that (@‘Dl)iel' = (lei)iEI | |

Intuitively, we say that F|p identifies ( f Z)i o over (Dl)i eI if, for any profile of functions
that cannot be ruled out as individual demands, we have that, on the restricted domains
(Di)i o those functions are identical to the true demand functions. A profile of functions
cannot be ruled out as individual demands when (i) it satisfies the properties that are
necessary for a profile of individual demands, and (ii) it is consistent with the observed data
(because at all observed prices and endowments, the aggregate of the functions equals the
observed aggregate demand).

Theorem 6 Let D C SJI:I RiJr and, for each i € I, denote

_{pa S£+ XR++|( (p,w) € D) :p=pandp-w' =p- wz}

where D is the interior of D. Fp identifies (fi)ieI over (Di)ieI'

Proof. Fix (¢':S{7" xRE, — RE)
metry, and such that for every (p,w) € D, >, .7 ¢" (p,w’) = F (p,w).

Fixi € Z and ( ,wi) € D{, where D} is the projection of D into the space of (p, wi). By
jer iy Such that (p, (wj)JI.:l) € D°. Since DY is open, there
exists € > 0 such that { (p,w) € SETt x R | (p,w) — (p,w)|| <€} € D°. Denote O =
(e S| [F-pl < e} and OF = { (5.0) € S211 x RE,| | (3.8) — (5! | < e}, and
define " : O° — RE and 4" : O — R, as 6" (]3, @i) =F (;5, (wl,wQ, o, W, ...7w1)), where

satisfying Walras’s law and Slutsky sym-

definition, there exists (w?)

http://www.bepress.com/bejte/advances/vol 5/issl/art3
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@' occupies the ¢" position, and 7' (p) = — X ;e\ 14y ¢’ (P w’). By Slutsky symmetry and
regularity, as in the proof of theorem 5, ¢° (p7 wl) = fi (p7 wl)

Now, let (]_9, Ei) € D'. By definition, there exists (pn,wfl):;l such that (pn,wfl) —
(]_9, Ei) and, for each n € N, there exists w,, € Rﬂr such that (p,,w,) € D° and p, -0 = p,-
w!,. Therefore, ¢ (pn,@fl) = (pn,wfl) and f? (pn,@fl) = fi (pn,wfl) and, by continuity,
¢ (pn,0}) = ¢ (pnyw}) — ¢ (B,@') and f* (po, @}) = f' (pa,w),) — f' (5. @'). Since
(pn,@fl) € D, it follows from our previous argument that ¢’ (pn,@fl) = fi (pn,@fl)7 and
hence that ¢° (ﬁ, @i) = f (ﬁ, wi). [ |

5 Concluding remarks

We offer a new proof that the equilibrium manifold identifies individual demands. We do
so by combining the ideas of Balasko (2004) and Chiappori et al. (2004) in such a way that
we avoid Balasko’s argument at the boundary of the space of endowments and Chiappori et
al.’s analyticity assumption. We also believe that our proof retains much of the simplicity
that distinguishes Balasko’s argument from Chiappori et al.’s more involved idea.

This result is surprising as it implies that the belief derived from the Sonnenschein-
Mantel-Debreu result suggesting that all the structure imposed by individual rationality
disappears upon aggregation lacks foundation. The fundamental questions that remain
open in this literature, namely to what extent the result extends to more realistic economies
(e.g. with production or with externalities) or more realistic data sets (e.g. a path of
endowments and equilibrium prices in a dynamic economy) are not addressed by the paper.

Produced by The Berkeley Electronic Press, 2005
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Appendix Al: proof of theorem 4
Lemma 1 If E is compact, then Dy = Dp.

Proof. Let (pn,wy),., be a sequence defined in Dg such that (pn,w,) — (p,w).
By definition, there exists (w,),., such that (p,,@,),—, is a sequence in E such that
o0
(pn . )n 1= ( n n)n:1 for all 4. Since F is compact, we can take a convergent sub-
sequence (pk(n),@k(n))zo:l such that (py(n), Wkn)) — (p, W) € E for some @ € R, . By
construction, pk(n) “Wp(n) — P - w, While p,) - Wy(n) — p- . Since (pk(n) -@k(n))zo:l =
(Ph(n) - Wi(n)) > it follows that p-w =p-@. =

With the previous lemma, we can simply prove that D C Dpg, as follows:

Proof of Theorem 4. Suppose that D ¢ Dg. Let (p,w) € D\Dg. Since, by the
lemma, D is closed, we know that for some § > 0, Bs (P) x [[;e7 Bs (w') € (Dg)°, where
(Dg)° denotes the complement of Dp in ST7 ! x RYL.

Define the following sets:

K = {2 S RLIGE® ) Fmr (-5 s -]
K = {(pa ) S-Lt,-_t,- XR++’< A,@)GB%( )X};[IBb (_Z)> Z/)\:p&j (ﬁ@l)zeI_k}
K =

KU (Si; x (1611 (EE)))

where for each i,

K = min Pp-w
(p,w)€Bs (P) x Bs (W)

= max p-w
(p,w)€Bs(p)x Bs(w")

Since F is compact, K and, hence, K are closed. Similarly, K is closed.

We divide the proof in four consecutive steps.

Step 1: We first prove that KNK = ¢. '

Suppose that (p,k) € KNK. Since CNK=KNKU (SJLrjrl X (HzEZ (k:’ I3 )) ) N
K, then (p,k) € K NK or (p,k) € (Sﬁ;l x (HzeI (k: E)) ) NK. If (pk) € K NK,
then, there exist @, w € RY., such that (p,w) € E, (p,w) € Bs (P) x H161B6 (_Z) and
(p-ﬁ?i)iez = (p-zﬂi)iez, which is impossible because Bj (p) X HZGI Bs (w') C Dy If
(p, k) € (S_I;jrl X (HZEI (kl E)) )ﬁK then k € (HZEI (kl E)) and there exists (p, w) €

http://www.bepress.com/bejte/advances/vol 5/issl/art3
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Bs (@) x HzeIB“ (w') such that (p-w'), et

(. < By By () x iz By (@) then (p,@) € B5 () x [Tez Bs (@) therefore (p- @), €
(Hzez (kl Ez>) a contradiction.

Step 2: We now construct a function ®.
L—
Deﬁned:S++1 xRY, — Ry by

d(p,k) = F; (p, (pk-il 1) i€I>

0<r< min _d(p,k)
(p.k)EBs () x [ [ [ F']

i€l

= (k:’) ez BY the second implication, since

which is continuous, and fix

Since K and K are closed disjoint sets (step 1) one can construct a continuous function,
A SJLrjrl x RL, — [0,7], such that:

(V (pa k) € IC) : A1 (pv )

k
(V(p, k) € K% : Ay(pk)
(V(p,k) eK) : Ay(p,k)

RN

0
0
T

For the same reason we can define a continuous function 4 : S ijrl — [0,1] such that
(Vp€ Bs (P)) : Ao(p)=0
(Vp€ Bs(p)) : Aolp)#0
(weB; @) : Aop)=1
Finally, define ® : S_iL_ X R — R as
} T

@ (p,w) = F (p,w) + 80 () A1 (p: (- w'), ) [p2 =1 0 o= 0

Step 3: We now prove that ® is well defined: it maps into Rfr+, 18 continuous, satisfies
Walras’s law, (p cwt=p- @i)z‘ez = ®(p,w) = O(p, W) and

EC {(p,w) e Sht x RY | @(p, w) = Zwl}
€T

By construction, ® is obviously continuous and satisfies Walras’s law. To show that
it is well defined suppose that (p,w) is such that @ (p,w) # F (p,w). By construction
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A (p) Ay (p, (p- wi)ieI) # 0 therefore, p € B;s (p) and (p, (p- wi)iez) ¢ K. By definition
of K this implies (p . wi)iez [Licr [Ei,?}, therefore, ( , (p . wi)iez) € Bs () x[Lier [E,El}
and, hence, d (p, (p-w) GI) > r. Now, since

p- w' i
p- 1)) = (p-w"),
< ( p-1 i€l ( )161
it follows that

) = Fpw) -0 A (p(p-o),,)

(), )0 )
= d(pp0)icr) = 20 @)A1 (b (0 0), )

> r—Ag(p) Ay (p, (»- wi)iez)
0

Y

since, by construction, Ag (p) Ay (p, (p . wi)iez) < r. This proves that ® maps into Ri+.
Now, let (p,w) € E. By construction, (p, (p-wi)iez) € K and, hence, ¢ (p,w) =
F (p,w) whereas F (p,w) = > ;.7 w’. Then, E C {(p,w) € Sf__T_l X Riﬂ D(p,w) =D cqw'}

Step 4: Finally, using that ® p = Fp, we derive a contradiction.

Since (p,w) € D, D € Bs (p) and (1_7, (p.mi)iez) € K, therefore F» (p,w) = 3 (p,w),
Ao (p) =1 and Ay (ﬁ, (ﬁﬁi)iez) = r. Hence,

Fy (}_),U) = & (ﬁ7 m)
= F(p.w)— A (p) Ay (1_97 (7 wi)iez)
= kK({@pw) —r
< F;(p,w)

Appendix A2: duality

Given D C Sﬁ;l X Riﬁ, define

Ep={(pw) € M| (3 € RE,) : (p,@) € D and (f* (p,0")), o, = w}
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Theorem 7 For any D C Sf__lr X IR{_H_, Ep identifies F' over D.

Proof. It suffices to show that D C Dg,. Let (p,w) € D, @ = (f*(p, wi))ieI and
w = w. It is straightforward that (p, @) € M and that (p,w) € D and (f* (p, {Ei))ieI = W,

so (p, W) € Ep. Moreover, since (p- @ )zeI (p-wt), sez it follows that (p,w) € Dp,,. &

Even if D is compact, it is not true that if E identifies F' over D, then F O Ep However,

Theorem 8 For any D C Sﬁjrl X Rﬂr, ;f E, compact, identiﬁes F over D, then for every

(p,w) € Ep there exists (5’%61 € ([p]L) such that ) ;70" =0 and (p,w +9) € E.
Proof. Since E is compact, it follows from theorem 4 that D C Dg. Fix (p,w) € E C

M. By definition, there exists w € R, such that(p,w) € D and (f* (p, ﬁi))iel’ = w. Since

DC fE, it follows that for some @ € Rﬂ_, (p,@) € Eand (p- @), , = (p-@0'), ;- Define
6" = @' —w?', for each i. That (p,w+ ) € E is immediate. Also, since p- 6t = p ( w’) =

p-w'—p- f* (p,w’) =0, because p- @' = p-w', it follows that (51)1,61 € ([p}J‘) . Then, since
w)

(p,w), (p,w) € M, it is immediate that ), :;iez (0 —w') =370 =Y e’ =

F (p,w) — F (p,w) = 0, because (p w)zeI prw) . ®

Appendix A3: an example of regularity

Consider a particular case of a deflated income demand system (see Lewbel, 2003, and Banks
et al., 1997) for three commodities, [ = 1,2, 3:

filp.m) = 2 (Amp) + Bi(p)log (%) + Ci(p)log (%))

where m denotes income, which suffices for the purposes of the example, A;, B; and C; are
homogeneous of degree zero in p and a is homogeneous of degree 1 in p € Ri 4 (these two
conditions guarantee that f; is homogeneous of degree zero in p and w) and

S o) S () -

for all p and m.
Now, the rank of system f (p, m) is, by definition, the rank of:

Produced by The Berkeley Electronic Press, 2005



14 Advances in Theoretical Economics Vol. 5[2005], No. 1, Article 3

If B; and Cj are zero then the system is of rank 1, the utility function is homothetic and

clearly the regularity condition does not hold. If By (p) Cs (p) — Bz (p) Cs3 (p) # 0 the system
has rank at least 2. Below, we prove that, for this case, the regularity condition holds.

Restricting p to Si+7

ofi _ 1 og [ - og [ = 2
%(p,m) = (Al(P)-i-Bl(P)lg<a(p)>+cl(p)lg<a(p)>)

0% fi

Z )
amz ) = p%m <Bz(p) +2Ci(p) <10g <%> + 1>)

g ) = = (0 2000 (35 )

It follows that the regularity condition is satisfied if

— (Bg( ) +2Cs(p) (1og( ) +1)) 5k (Bg( ) +2Cs(p) (log (575) +1)) ‘ 20

~e (Do) +2C2(0) o8 (25 o (Bs(v) + 205 (p) 10 (325))
(Belo) + 200 (log(< D) (B + 2050 (g (32) +1)
(B + 20300 g(%)) (Bat) + 20at 10 () |7

Cs(p) C3(p)
<i>| (Bap) +2C2(p)10g (25))  (Bs(p) +2C5(0) log (22) ) |7é°

< Ca(p)Bs(p) — C3(p)B2(p) # 0
A rank 3 system clearly satisfies this condition and, if the condition is satisfied, then the

rank is at least 2.
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