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CONCEPTUAL ISSUES IN NORMATIVE MEASUREMENT !

When Inequalities Diverge

By MicHArL C. WoLrson*

A significant innovation in discussions of
income inequality is the addition, since the
early 1980%s, of the “disappearing middle
class” (e.g., Rabert Kuttner, 1983; Lester
Thurow, 1984). This concept is typically
equated with the concept of increased in-
come inequality. However, such an equation
entails a fundamental conceptual error.
With apologies to Frank Levy and Richard
J. Murnane (1992), a few quotes from their
recent survey of trends in US. earnings
inequality indicate the problem:

...a polarization of the earnings dis-
tribution means a decline in middle
class jobs.... Despite the variety of
scalar (inequality} measures, none
seems well suited to the propasition of
a vanishing middle class. That proposi-
tion refers to a polarization in which
observations move from the middle of
the distribution to both tails. Standard
inequality measures cannot distinguish
this polarization from other kinds of
inequality... . If the middle of the male
carnings distribution was hollowed out,

"Discussants: Daniel T. Slesnick, University of
Texas; Lynn Karoly, Rand Corporation; James Heck-
man, University of Chicago.

*Statistics Canada and Canadian Institute for Ad-
vanced Research, Ottawa, K1A 0T6, Canada. I am
greatly indebted to Tony Atkinson for suggesting a
collaboration with James Foster to probe moare deeply
into the question of measuring polarization, to James
Faster for our joint work in developing the measure-
ment cancepts, and to Brian Murphy, Geoff Rowe, and
Milorad Kovacevic for support on the empirical and
statistical work. I remain solely responsible for any
errars or omissions, and for the views expressed. An
extended version of this paper is available in Wolfson
(1994},
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that fact would be registered by scalar
inequality measures.
(pp. 1338, 1339, 1351)

Levy and Murnane thus recognize, cor-
rectly, that polarization (a shorthand for the
phenomenon of the disappearing middle
class) is not like the usual notion of inequal-
ity. However, they continue to use conven-
tional scalar measures of inequality to as-
sess the extent and trend in polarization.

Is this a problem? I shall argue that it is,
first on theoretical and then on empirical
grounds. Theoretically, Figure 1 should dis-
pel any doubts. This graph shows twa hypo-
thetical income-distribution density func-
tions. The first is a uniform or rectangular
density over the interval 0.25-1.75, shown
by a dashed line. The second density, shown
by a salid line, is clearly bimodal and has a
somewhat depleted middle. T would argue
that, according to any sensible definition of
polarization or disappearing middle, this
latter density is the more polarized. Is it
also more unequal?

The answer is unequivocally no. The sec-
ond bimodal density has been constructed
such that, according to any inequality mea-
sure that is consistent with the Lorenz crite-
rion (the “gold standard” for the concept of
inequality), it is more equal. In other words,
the bimodal density has a Lorenz curve that
is closer to the 45-degree line than the Lorenz
curve for the uniform density. The formal
proof follows simply from the fact that
the bimodal distribution can be “derived”
from the uniform distribution (in several
ways, one of which is} by two sets of progres-
sive mean-preserving redistributive transfers
in the sense of A. B. Atkinson (1970), as
indicated by the arrows in Figure 1. By
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FigurE 1. POLARIZATION AND INEQUALITY

Sources: R. Lave and M. C. Wolfson, 1976; OECD,
1993.

construction, the bimodal distribution is at
the same time more polarized and more
equal than the uniform distribution from
which it was derived.

Polarization and inequality are thus
demonstrably different concepts, so what
statistics should be used to measure polar-
ization? In the literature on the disappear-
ing middle, in addition to inequality mea-
sures, some authors have used quintile
income shares, while others have used the
fraction of the population in various income
ranges defined in terms of the mean or
median income. In fact, Figure 1 has been
constructed in a particularly nasty way for
these kinds of statistics.

Since the distribution is symmetric, the
mean is equal ta the median, which is 1.0. It
can be shown that the income share of the
middle third of the bimodal distribution is
lower than the income share of the middle
third of the uniform distribution, while the
income share of the middle two-thirds rises
in the transition to the bimaodal distribution.
Thus, the income shares of various middle-
quantile groups are not necessarily consis-
tent with any sensible formalization of the
concept of polarization or disappearing
middle. In turn, this means that the large
number of papers purporting to analyze the
disappearance of the middle class which use
inequality indicators such as quintile shares
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(e.g., Levy, 1987) are simply unable to de-
tect the phenomenon they claim to be
studying.

Moareover, the share of the population
with “middle-level incomes” is similarly
perverse in the example of Figure 1, going
up or down depending on haw “middle” is
defined. The population with incames within
25 percent of the mean = median clearly
falls, but the papulation with incomes within
50 percent of the mean =median rises.
Thus, statistics that count the share of the
population with “near middle” incomes are
also not necessarily consistent with a sensi-
ble definition of polarization. For example,
Thurow (1984) considered the propaortion of
the population with incomes between 75
percent and 125 percent of the median in
his analysis of the disappearing middle class,
while McKinley L. Blackburn and David E.
Bloom (1985) in a similar analysis focused
on the proportion with incomes between 60
percent and 225 percent of the median.

This is an unsatisfactory situation. There
is an expanding literature seeking to analyze
the phenomena of inequality and the disap-
pearing middle class, accompanied by an
incoherent variety of statistical indicators.
These analyses are only rarely accompanied
by a justifiable sense of unease about what
precisely the researchers are measuring.
Moreover, I have just shown that perhaps
the most-basic axiom underlying the formal
theory of inequality measurement, the
Pigou-Dalton condition of transfers which is
formally equivalent to the Lorenz curve cri-
terion, is inconsistent with the concept of
polarization, or the roughly equivalent no-
tions of “spreadoutness” from the middle
or bimodality that lie at the heart of the
disappearing middle-class phenomenon.

In this context, James E. Foster and
Wolfson (1992) sought to provide a formal-
ization of these latter concepts to give them
the same rigor as for inequality measures.
There is space here anly to sketch the lines
of development. It turns out that there is
quite a nice duality or complementarity be-
tween polarization and inequality. The
strand of development in both cases starts
with a cumulative density function (edf) for
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the distribution of income. For inequality
measures, one can think graphically of one
intermediate step to arrive at the Lorenz
curve. This step involves “exchanging” the
axes of the cumulative density function so
that population percentiles are ranged along
the horizontal axis and incomes are along
the vertical axis. The result is Jan Pen’s
(1973} “parade of dwarfs (and a few giants).”
This “parade” curve (after dividing through
by the mean income) is then integrated
moving right from the origin to obtain the
usual Lorenz curve.

Formalizing the concept of polarization
can follow a similar path of graphical trans-
farmations of the initial cdf, but with a few
key differences. Imagine that, after exchang-
ing the axes of the cdf as above, individuals’
incomes along the vertical axis are divided
by the median (rather than the mean) in-
come. The resulting median-normalized
“parade” is next cut at the midpoint of the
horizontal axis, the 50th population per-
centile. The horizontal axis is then shifted
up to touch the curve at this paint, which is
(by definition) the median income. The por-
tion to the left (ie., the first half of the
parade curve for the 50 percent of the pop-
ulation with incomes below the median) is
then rotated around the horizontal axis. The
result is a curve looking a bit like a lopsided
gull. It shows, for any population percentile
along the horizontal axis, how far its income
is from the median, thus giving an indica-
tion of how “spread out” from the middle
(50th percentile) the distribution of income
8. A less spread-out distribution (i.c., one
with a larger middle class) will have a curve
that is lower.

For reasons that are intuitively similar to
the notion of second-order stachastic domi-
nance, one can integrate this curve out from
the midpoint along the horizontal axis
(where by construction the height of the
curve is zero) to get what Foster and 1
(1992) have called the “polarization curve.”
We have shown that one distribution has an
unequivocally smaller middle class (is more
spread away from the median) if and only if
its polarization curve is everywhere higher.
This polarization curve thus plays the same
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rale for the concept of polarization as the
Lorenz curve plays for inequality.

It can then be shown that the area under
this polarization curve is a scalar index of
polarization, just as the Gini coefficient, as
(twice) the area between the 45-degree line
and the Lorenz curve, is a scalar index of
inequality. However, as with the Gini and
Lorenz curves, it is still possible to have
crassing polarization curves. Thus, polariza-
tion curves induce only a partial ordering
over income-distribution densities with re-
spect to the sizes of their middle classes,
while the area under the polarization curve
induces a complete ordering.

These two strands of development, with
their common starting point in the cumula-
tive income-distribution density function,
can now be brought together again in a very
nice extension of the Lorenz curve. Figure 2
shows a typical Lorenz curve. The key addi-
tion is the tangent line to the Lorenz curve
at the 50th population percentile, with the
vertical axis extended down to meet this
tangent. It turns out that the polarization
curve just described is closely related to the
Lorenz curve. If the vertical axis of the
polarization curve is first renormalized by
multiplying by the ratio of the mean to the
median, and then the horizontal axis is
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rotated until it has the same slope as the
tangent to the Lorenz curve at the 50th
population percentile, the result is that this
transformed polarization curve is identical
to the Lorenz curve!

In turn, the area under the polarization
curve, call it P*, is a scalar indicator of the
extent of polarization or the size of the
middle class. The lightly shaded area in
Figure 2 between the tangent line and the
Lorenz curve is T —Gini/2, so that P* =
(T — Gini/2)/mtan; where mtan =*“‘median
tangent” = m /u = the slope of the tangent
to the Lorenz curve at the 50th population
percentile; m = median; x =mean; and T
= the area of the trapezoid defined by the
45-degree line and the median tangent = the
vertical distance between the Lorenz curve
and the 45-degree line at the 50th per-
centile = 0.5 — £(0.5) = the difference be-
tween 50 percent and the income share of
the bottom half of the population [which
latter, L(0.5), I refer to as the “median
share” or mshare]. P* has a minimum of 0
for a perfectly equal distribution of income,
and a value of 0.25 for a perfectly bimodal
distribution with half the population at zero
income and the other half at 2,1} In order
to have an index with a similar range to the
Gini (i.e., in the [0,1] interval if there are no
negative incomes), I arbitrarily define the
scalar polarization index P =4P* = 2027 —
Gini)/mtan.

Figure 2 makes it immediately clear where
the canflicts between inequality and polar-
ization arise, and why the concepts have so
often been confused. If there is an “equaliz-
ing transfer” of income {in the sense of the
Pigou-Dalton condition of transfers} from
an individual above the median to an indi-
vidual with income below the median (and
the transfer is not so large that it causes

'Note that (.25 is not necessarily the maximum. P*
could exceed 0.23 if half the population had a negative
average income. For the same reason, the Gini can
exceed 1.0. For any given mshare and mtan both posi-
tive, P* is minimized and approaches 0 for a trimodal
distribution where one individual has a very large nega-
tive income, another has a very large positive income,
and everyone else has the same income in between.
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either to cross the median), then both in-
equality and polarization decline: the
Lorenz curve moves claser to the 45-degree
line as does the tangent line at the 50th
population percentile. By virtue of this class
of examples, there are clearly many situa-
tions where inequality and polarization
rankings will agree.

The two concepts will disagree, however,
when there are equalizing transfers entirely
on one side of the median, exactly as in
Figure 1 earlier. In these cases, the median
tangent curve is unaffected by the transfer,
but the portion of the Lorenz curve on the
affected side of the median moves closer to
the 45-degree line. Such a shift in the Lorenz
curve necessarily reduces the Gini coeffi-
cient and correspondingly increases the po-
larization measure P.

Such a divergence between inequality and
polarization could, of course, be merely a
theoretical curiosity. An important question
is whether in practice ane may see divergent
trends in the two kinds of attributes of
income distributions. The answer is yes, and
illustrations are provided shortly.

The demonstration that inequality as for-
malized is not always in accord with the
concept of polarization reopens the ques-
tion of the axiomatic foundation of inequal-
ity measures. Specifically, it raises questions

-about the Pigou-Dalton condition of trans-

fers. As noted by Yoram Amiel and Frank
Cowell (1989 foatnote 14), Pigou was doubt-
ful about its validity. Moreover, in their
survey of nearly 1,000 undergraduate eco-
nomics students (maost before they had stud-
ied this topic), a majority rejected this ax-
iom as part of their concept of inequality.
At the very least, this suggests that in order
to capture the concerns of the general pub-
lic, summary measures based on concepts
like polarization should be given equal space
along with Lorenz-consistent inequality
measures when describing trends in income
distribution. Indeed, polarization as formal-
ized here may be closer to the general pub-
lic's vernacular concept of inequality than
formal measures of inequality based on
Pigou-Dalton-Lorenz-Gini concepts.
Empirical results from a time series of
the Canadian Surveys of Consumer Finance
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TabBLE | —SELECTED INEQUALITY AND POLARIZATION
InpicaTors, CaNabDa, 1967-1991

Percentages
Indicator 1967 1973 1981 1986 1991
Inequality
Squared CV 582 609 544 620 667
Gini 383 379 MR8 s H3
Exp 446 452 450 458 461
VL 471 782 790 857 863

Polarization
Population share in ranges of median income:

75-150% 42 37 36 32 32
60-225% &6 64 62 59 9
Range of income /median covering middle population:
4)-60% 338 400 395 434 437
30-70% 698 7921 815 909 837
20-80% 1125 1258 1313 1404 1411

Median share 43 29 s 213 10
Median /mean 897 869 882 8.0 852
Polarization 338 376 385 415 417

have been used to illustrate the divergence
between inequality and polarization. Table
1 presents data for the distribution of labor
income for all individuals aged 18-64 with
annual labor income of at least 5 percent of
the average wage.?

Two sets of statistics are given. The first
is a set of inequality measures: the top-
sensitive (in Cowell’s [1977] sense) squared
coefficient of variation (CV), the middle-
sensitive Gini coefficient, and the battom-
sensitive Exponential measure (Exp).® The

“The source is special tabulations by the author of
the Survey of Consumer Finance internal working files.
Labor jncome includes wages and salaries, military pay
and allowances, and self-employment income {which
may be negative). The de minimus exclusion of those
with less than 5 percent af the average wage was based
only an employment income. Nate that 95 percent
confidence intervals estimated for the various measures
(taking account of the complex sample design)} suggest
that at most two digits are statistically significapt, and
for top-sensitive measures like the squared CV, only
one digit is significant {M. §. Kovacevic, 1993).

3This measure, introduced in Wolfson (1986), is
Tpexp{—y; /p), where p, is the proportion of the
population in the ith incame group, y; is the average
income in that group, and p js the averall mean
incame. It was introduced precisely because of the
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fourth statistic is the variance of logarithms
(VL), which is included only to show that it
is not an inequality measure.*

The second set of statistics is related to
the concept of polarization. The first five
statistics count the proportion of the popu-
lation with “middle-class” labor incomes,
though from two different perspectives. The
first pair, denoted “population share in
ranges of median income,” give the num-
bers of individuals with incomes between 75
and 150 percent of the median, and those
with incomes between 60 and 223 percent of
the median, respectively. These statistics
measure the size of the middle class defined
in terms of an arbitrary range of median-
normalized incomes. The next three statis-
tics effectively exchange the axes of the cdf
by defining the middle class in “people
space” rather than “income space.” These
statistics are based on symmetric percentile
ranges of the population—within 10, 20,
and 30 percent of the 50th percentile, de-
noted “40-60%,” “30-70%,” and
“20-80%," respectively. For each of these
people-space ranges, the corresponding
range of incomes they span, divided by the
median, is the statistic given. Thus, for ex-
ample, if the figure for 40-60% population
is 33.8 percent (as shown for 1967), this is
the 60th-percentile income minus the 40th-
percentile income times 100 divided by the
median. Even though Figure 1 shows that
any one of these statistics may be mislead-
ing by itself, agreement among a set is maore
likely to indicate an unambiguous change
in polarization as I have formaiized the
cancept.

advantage over other bottom-sensitive measures like
the Theil-Entropy, Theil-Bernouilli {also refarred to as
the mean logarithmic deviation), and members af the
Atkinson (1970) family in that it does not explode with
ZETO OT Nlear-zero incomes,

*I have included the variance of logarithms only
because it continues to be widely used in the literature
even though it has been known for decades (Love and
Walfson, 1976; Cowell, 1977) that it is #not consistent
with Larenz curve rankings: it moves in the wrong
direction for transfers above ~ 2.7u {often about the
93th percentile). It should be banished from serious
inequality analysis.
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The last three polarization-related statis-
tics all derive from the polarization /Lorenz
curve shown in Figure 2. The first of these is
the median share mentioned earlier: the
share of income accruing to the bottom half
of the population. This in turn is exactly the
height of the Lorenz curve halfway along
the horizontal axis (i.e., at the 50th per-
centile). Also, 0.5(median share) is the dis-
tance between the 45-degree line and the
Lorenz curve at the 50th percentile, hence
the area T of the trapezoid enclosing the
Lorenz curve in Figure 2. The second statis-
tic is the ratio of the median to the mean
income, m /u. In addition to its graphical
interpretation (the slope of the tangent to
the Lorenz curve at the 30th percentile),
this ratio is also an indicator of the skew-
ness of the distribution. Finally, the last
statistic is the polarization measure P de-
fined above. Higher P means more polar-
1zation, and a smaller middle class.

Leaving aside the variance of logarithms,
measures indicating the concepts of inequal-
ity and polarization generally move in the
same direction. From 1973 to 1981, how-
ever, all of the Lorenz-consistent inequality
measures decline or are constant; at the
same time, almost all of the polarization
measures increase. The divergence between
polarization and inequality is not merely a
theoretical curiosity; it occurs in practice as
well.® Research in income distribution and
economic inequality is therefore well ad-
vised to include measures related to polar-
ization.
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